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Abstract 

The 7-trace anomaly of supersymmetry current in a supersymmetric gauge 
theory shares a superconformal anomaly multiplet with the chiral it!-symmetry 
anomaly and the Weyl anomaly, and its holographic reproduction is a valu- 
able test to the AdS/CFT correspondence conjecture. We investigate how the 
7-trace anomaly of the supersymmetry current of = 1 four-dimensional su- 
persymmetric gauge theory in an = 1 conformal supergravity background 
can be extracted out from the N = 2 gauged supergravity in five dimensions. 
It is shown that the reproduction of this super- Weyl anomaly originates from 
the following two facts: First the N = 2 bulk supersymmetry transforma- 
tion converts into N = 1 superconformal transformation on the boundary, 
which consists of = 1 supersymmetry transformation and special confor- 
mal supersymmetry (or super- Weyl) transformation; second the supersym- 
metry variation of the bulk action of five-dimensional gauged supergravity is 
a total derivative. The non-compatibility of supersymmetry and the super- 
Weyl transformation invariance yields the holographic supersymmetry current 
anomaly. Furthermore, we speculate on that the contribution from the exter- 
nal gauge and gravitational background fields to the superconformal anomaly 
may have different holographic origin. 
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I. INTRODUCTION 



The AdS/CFT correspondence conjecture [1] states that the type IIB string theory com- 
pactified on AdS^ x theory with units oi R — R flux on describes the same physics 
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as J\f — 4 SU{N) supersymmetric Yang-Mills theory. Further, the explicit definition was 
given in Refs. [2] and [3] as the following. Given the type IIB superstring theory in the 
background AdS^+i x with X^~'^ being a compact Einstein manifold, the boundary 

effect of the type IIB superstring theory must be considered since AdS^+i has a boundary at 
spatial infinity, which is actually a copy of Minkowski space (or its compactified version 
Sd). The partition function of such a string theory with certain boundary value of a bulk 
field takes the following form, 

^string [0] I ^^^0 = ^ V(j){x,r)exp{-S[(/){x,r)]) , (1) 

where (f)^^\x) is the boundary value of the AdSa+i bulk quantity (f){x, r) such as the graviton, 
gravitino, NS — NS and R — R antisymmetric tensor fields etc.. Since the isometry group 
S0{2,d) of AdSd+i acts as the conformal group on M^,, and hence a quantum field theory 
defined on the boundary should be conformal invariant. The AdS/CFT correspondence 
conjecture means that the type IIB superstring partition function (1) should be identical to 
the generating functional for the correlation functions of the composite operators of certain 
conformal field theory 

ZcftIM = (exp J^/'^xO{x)Mx)) 

I f ri 

= E -T / n d^x, (Oi(a;i) ■ • • ^(xO) 0o(a;i) ■ ■ ■ M^n) 

n ^- ■' i=l 

= exp(-rcFT[0o]), (2) 

r[0o] being the quantum effective action describing the composite operators interacting with 
00 background field. That is, 

^string W\\^^^^ = ZcFT [<Po] ■ (3) 

In the large- case, the type IIB string correction to sTipcrgravity is proportional to 1/ ^QgN , 
Qs being the string coupling, thus one can neglect the string effect and just consider its low- 
energy effective theory, the type IIB supergravity. In this case, the partition function of the 
type IIB superstring can be evaluated as the exponential of the supergravity action in a field 
configuration ^'^^f^^] which satisfies the classical equation of motion of the supergravity with 
the boundary condition given by i-e., 

^string = exp (-5suGRa[0^'[0o]]) • (4) 

Comparing (4) with (2) and (3), we immediately conclude that the background effective 
action of the large- limit of the rf-dimensional conformal field theory can be approximately 
equal to the on-shell classical action of AdSd+i supergravity with non-empty boundary, 

rCFT[0o] = ^SUGRa[0^^[0o]] = / d'^X ^ 0^ ^(x) (O^")) . (5) 

In the above equation, O^"^^ are the various composite operators in the superconformal field 
theory such as the energy-momentum tensor and chiral i?-symmetry current etc. and ^q^^^ 
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are the corresponding background fields such as the gravitational and gauge fields etc., which 
are boundary values of the corresponding bulk fields. 

Let us emphasize the role of the five-dimensional gauged supergravities [4~6] in AdS/CFT 
correspondence [7]. The AdS^ x background arises from the near horizon limit of D3- 
brane solution of type IIB supergravity [8] . In the AdS5 x background, the spontaneous 
compactification on 5''' of the type IIB supergravity actually occurs [9,10]. With the as- 
sumption that there exists a consistent nonlinear truncation of the massless modes from the 
whole Kluza-Klein spectrum of the type IIB supergravity compactificd on [10-12], the 
resultant theory should be the S0{6){= SU{A)) gauged — S AdS^ supergravity since the 
isometry group SO (6) of the internal space becomes the gauge group of the compactificd 
theory and the AdS^ x background preserves all of the supersymmetries of type IIB su- 
pergravity [6]. Furthermore, if the background for the type IIB supergravity is AdS^ x 
with being an Einstein manifold rather than such as T^'^ = {SU{2) x SU{2))/U{1) 
or certain orbifold, then due to the singularities in the internal manifold, the number of pre- 
served supersymmetries in the compactificd AdS^ supergravity is reduced and the isometry 
group of the theory also changes [13-16]. One can thus obtain the gauged A/" = 2,4 AdS^ 
supergravities in five dimensions, and their dual field theories are believed to be = 1,2 
supersymmetric gauge theories [7,14-16]. In a strict sense, a supersymmetric gauge theory 
with lower supersymmetries is not a conformal invariant theory since its beta function does 
not vanish. However, it was shown that renormalization group fiow of this type of super- 
symmetric gauge theory has the fixed point, at which the conformal invariance can arise 
[15-21]. The AdS/CFT correspondence between the A/" = 2,4 gauged supergravities in five 
dimensions and A/" = 1, 2 supersymmertric gauge theories can thus be established [7,14-16]. 

With the truncation from the Kaluza-Klein tower, Eq. (5) can be considered as a quan- 
tum effective action describing a superconformal gauge theory in an external supergravity 
background [3,22]. only where the external fields are provided by the boundary values of 
those in a one-dimension-higher bulk space-time. It is well known that the superconformal 
anomaly will arise from a classical superconformal gauge theory in an external supergrav- 
ity background. The reproduction of the superconformal anomaly from the bulk gauged 
supergravity will provide an important support to the above AdS/CFT correspondence 
conjecture at low-energy level. 

In the next section, we shall briefly introduce the superconformal anomaly for the A/" = 1 
supersymmetric gauge theory in an external A/" = 1 conformal supergravity background. 
Section 3 is devoted to a review of the J\f = 2 gauged supergravity in five dimensions and 
its AdSs classical solution. We also emphasize the behaviour of the fields of gauged super- 
gravity near the AdS^ boundary and the reduction of bulk supersymmetry transformation 
into an A/" = 1 superconformal transformation on the AdS^ boundary. It is well known 
that the A/" = 1 superconformal transformation consists of the A/" = 1 four- dimensional su- 
persymmetry transformation and the special conformal supersymmetry transformation (or 
super- Weyl in curved space-time background). In section 4, we calculate the supersymme- 
try variation of the five-dimensional M = 2 gauged supergravity and extract out the surface 
term. Furthermore, considering the fact that the four-dimensional supersymmetry and the 
super- Weyl symmetry cannot be preserved simultaneously, we find the external gauge field 
part of the holographic super- Weyl anomaly of A/" = 1 supersymmetric gauge theory from 
the boundary term the five-dimensional gauged supergravity. In Section 5 we summarize 
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the main results and present some further discussions. Our results suggest that the contri- 
butions to the superconformal anomaly from the external vector field and gravitational field 
may have different holographic origin. 

II. SUPERCONFORMAL ANOMALY MULTIPLEX IN EXTERNAL 
CONFORMAL SUPERGRAVITY BACKGROUND 

A general four-dimensional M — 1 supersymmetric SU{N) gauge theory consists of the 
A/" = 1 supersymmetric Yang-Mills theory coupled with A/" = 1 massless matter fields in 
various possible representations of the gauge group. The classical Lagrangian density is 

£ = Tr (^-^W^.W^^-' + ^a7^V^A) + £^atter, (6) 

where W^j,^ is the field strength for the SU{N) gauge field and the A is a Majorana spinor 
in the adjoint representation of SU{N). Due to the supersymmetry, its energy-momentum 
tensor 6'^'^, the supersymmetry current and the axial vector (or cquivalently chiral) R- 
current j^^^^ lie in a supermultiplet [23,24]. These currents at classical level are not only 
conserved, 

d.e^" = d,s^ = d,f^^ = 0, (7) 
but also satisfy further algebraic constraints 

0', = l,s^ = 0. (8) 

This will promote the Poincare supersymmetry to a superconformal symmetry since one can 
construct three more conserved currents, 

d^'=Xi/0 ^, }z^i/'=2iXi/X^B X O^if^ l^=ix ^^s^. (9^ 

These three new conserved currents give the generators for dilatation, conformal boost and 
special supersymmetry transformation. However, the superconformal symmetry may become 
anomalous at quantum level. In the case that all of them, the trace of energy-momentum 
tensor, the 7-trace of supersymmetry current, ^^s^ and the divergence of the chiral 
i?-current, d^j^^^^, get contribution from quantum effects, 

((?^j(5)^7%,^^J (10) 

will form a (on-shell) chiral supermultiplet with the playing the role of the lowest 

component of the corresponding composite chiral superfield [24-26] . 

In general, there are two possible sources for above chiral supermultiplet anomaly [26]. 
One is due to the non-vanishing beta function of A/" = 1 supersymmetric Yang-Mills theory; 
The other one comes from the coupling of above supercurrent multiplet with the external 
supergravity fields. In this paper, we shall concentrate on the superconformal anomaly 
arising from the latter one. In this case, the 7-trace anomaly consists only of the super- 
Weyl anomaly since the corresponding special conformal supersymmetry transformation is 
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just the supersymmetric analog of the Wcyl (or local scale) transformation. Note that 
in a supersymmetric gauge theory, the Poincare symmetry corresponding to the energy- 
momentum tensor 6^1,, the supersymmetry corresponding to the super symmetry current s^, 
and the chiral it!-symmetry to the axial vector current jj^^ are all global symmetries and 
there no gauge fields within the supersymmetric gauge theory itself to couple with them. 
If there are some external supergravity fields g^j^^, axial vector fields ^4^ and vector-spinor 
(Rarita-Schwinger) fields ip^ couple to 9^^, j^^ and s^, respectively, 

Axt = / d'xV^ (g,,e^' + A^/^)^ + i^^s^) , (11) 

there will arise external superconformal anomaly chiral supermultiplet. The action (11) de- 
scribing the coupling of the external supergravity fields with the currents of supersymmetric 
Yang-Mills theory shows that the covariant conservations of the currents, V ^9^^ = V^s^ = 0, 
are equivalent to the local gauge transformation invariance of the external supergravity sys- 
tem, 

SM^)^W^x{x). (12) 

Furthermore, the covariant conservation of the axial vector current jj^^ and the vanishing 
of both the 7-trace of supersymmetry current and the trace of energy-momentum tensor at 
classical level, 

V^/5)M = ^^s, = 9^^ = 0, (13) 

mean the Weyl transformation invariance of g^^,, the super- Weyl symmetry and the U{1) 
chiral gauge symmetry of the corresponding external supergravity system, 

5A^{x)^d^A{x). (14) 

The transformations (12) and (14) imply that the external fields 

(gi,i.,ipi^,Ai,) (15) 

constitute an off-shell M = 1 conformal supergravity multiplet [27,28]. Therefore, in the 
context of the AdS/CFT (or more generally gravity /gauge) correspondence the supercon- 
formal anomaly in A/" = 1 supersymmetric gauge theory due to the supergravity external 
sources will be reflected in the explicit violations of the bulk symmetries oi J\f — 2 gauged 
AdS^ supergravity on the boundary [3,29,30]. 

With no consideration on the quantum correction from the dynamics of the supersym- 
metric gauge theory, the external superconformal anomaly is exhausted at one-loop level. 
The external superconformal anomaly multiplet for J\f — 1 pure supersymmetric Yang-Mills 
theory is hsted as the following [26]: 
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7m«" = (le^"'^''^^'' + \^^^) ^^^^^ - ^^^<^^ ' 

= (gCM^ApC"^'^^'' - -R,.^,R^'^'^ + gi^M.i^'^'^) ■ (16) 

In above equations. 7^^^ = i/2 [7^, 7^]; F^j, = d^A^, — d^A^ is the field strength corresponding 
to the external Ua{^) vector field A^; Rfj,u\p and C^vAp are the Riemannian and Weyl tensors 
corresponding to the gravitational background field gnv\ is the covariant derivative with 
respect to both the external gravitational and gauge fields. The factor N"^ — 1 comes from 
the fact that the gauginoes are in the adjoint representation of SU{N) gauge group and 
hence there are iV^ — 1 copies. Note that Eq. (16) contains only the contribution to the su- 
perconformal anomaly coming from the vector multiplet of jV = 1 super symmetric SU (N) 
Yang- Mills theory. Naturally, there will also arise the contribution from the M — 1 chiral 
supermutiplets if they are present in the theory. Their contributions to the anomaly coeffi- 
cient will be proportional to or A^^ — 1. This depends on the chiral multiplets belonging 
to the fundamental or adjoint representations of SU (N) group. 

In the context of the AdS/CFT correspondence, the holographical arising of the chiral 
Ur{1) anomaly was pointed out by Witten that it should come directly from the Chern- 
Simons term in the five-dimensional gauged supergravity [3] . Further, the holographic Weyl 
anomaly was shown in Ref. [29] through a procedure called holographic renormalization and 
in Ref. [31] by the holomorphic dimensional regularization and a special bulk diffeomorphism 
preserving the Fefferman-Graham metric [32] of an arbitrary d+ 1-dimensional manifold with 
boundary topologically isomorphic to S'^, respectively. Actually, there have arisen quite a 
number of papers to discuss various aspects of the holographic Weyl anomaly including the 
modified models [33], the asymptotically AdS space-time [34], the subleading order of 1/iV 
correction [35,36] and new calculation framework such as the Hamilton- Jacobi equation [37] 
etc. The aim of this paper is to tackle the holographic origin of the supcrsymmctry current 
anomaly 7^5''. 



III. J\f = 2 GAUGED SUPERGRAVITY IN FIVE DIMENSIONS AND ITS ADS5 

BOUNDARY REDUCTION 



To show clearly how the holographic supersymmetry current anomaly arises, we shall 
review some typical features of the M = 2 gauged supergravity in five dimensions. 

The ungauged H — 2 supergravity in five dimensions has the same structure as jV = 1 

eleven- dimensional supergravity [38]. It has a global USp(2) = SU{2) R-symmctry, and it 
contains a graviton Ej^, two gravitini \E'^ and a vector field Am [4,39,40], M, A = 0, ■ ■ ■ ,5 
are the Riemannian and local Lorcntz indices, respectively, and 2 = 1,2 the SU{2) doublet 
indices. The gravitini are the USp{2) = SU{2) doublets and the symplectic Majorana 
spinors. The classical Lagrangian density takes a simple form [39] , 
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+ -^E-h^^^^^J^MN:FpQAR + four-fermi terms, (17) 
6V6 

where the covariant derivative on the spinor field is defined with the spinor connection ^m^, 

Vm^ = {dM + ^Q^^'Tab) (18) 

The gauging of above supergravity is just turning the U{1) subgroup of the global SU (2) 
R-symmetry group into a local gauge group and straightforwardly considering the vector 
field as the U{1) gauge field [4]. The space-time covariant derivative on the gravitini will be 
enlarged to include the U{1) gauge covariant derivative, 

Dm^% = VM^iv + qAmS'^^nj. (19) 
The gauged J\f — 2 supergravity action is 

E-'jC = E-'l + g'P^ - '-^gW^r'^^^iS.jPo. (20) 

The gauged M = 2 supergravity has AdSr-, classical solution that preserves M = 2 super- 
symmetry with the cosmological constant proportional to Pq [4]. To make the AdS^ classical 
solution take the standard form. 
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g^j,{x,r)dx'^dx^ — (dr)^ 



= *M = 0, (21) 

and the full M = 2 supersymmetry preserved in this background, one must choose the 
parameters in the Lagrangian (20) as the following ones [4,41]: 

9-\. ^o = ^yf, /.° = ^, H = l, Po = 2/^Vo = ^^, aoo = (M' = ^- (22) 
Consequently, the Lagrangian density (20) up to the quadratic terms in spinor fields becomes 

-|^;,r^^*^^5,, - ^ (^;,r^^^^v^^.^PQ + 2^^^v^f ^M^) - ^. (23) 

The supersymmetry transformations at the leading order in spinor fields read 

5Am = j^M^i. (24) 



To calculate the holographic superconformal anomaly, we need to expand the fields 
around the AdS^ vacuum solution (21). Geometrically, this is actually a process of re- 
vealing the asymptotic behaviour of the bulk fields near the boundary of AdS^ space-time. 
Correspondingly, the various bulk symmetries will be reduced to those on the boundary. 
For examples, the bulk diffeormorphism invariance of the bulk decomposes into the dif- 
feomorphism symmetry on the boundary and the Weyl symmetry [31], and the the bulk 
supersymmetry converts into a superconformal symmetry for an off-shell conformal super- 
gravity on the boundary [41,42]. 

The procedure of reducing the bulk gauged supergravity to the off-shell conformal su- 
pergravity on the boundary is displayed in a series of works on AdS3/CFT2, AdS^/CFT^ 
and AdS-j/CFTQ by Nishimura et al [42]. The key point is using the equations of motion of 
the bulk fields to find their radial coordinate dependence near the boundary of AdS^) space. 
For the spinor field such as the gravitino, one should also show how a symplectic Majorana 
spinor in five dimensions reduces to the chiral spinor on the four-dimensional boundary. The 
reduction from the on-shell five-dimensional M — 2 gauged supergravity to jV' = 1 off-shell 
conformal supergravity in four dimensions was performed by Balasubramanian et al. [41], so 
we briefly review their result and then use it to derive the holographic super- Weyl anomaly 
of the supersymmetry current in A/" = 1 supersymmetric gauge theory. 

As the first step, one should partially fix the local symmetries of bulk supergravity in 
the radial direction. According to the AdS^ solution (21), one can choose [41,42] 

£;/(x,r) = ^e;(x) + o(r), = = 0, e;^-^, (25) 

and 

*;(x,r) = 0, Ar{x,r)^Q, (26) 

to fix the Lorentz symmetry, the supersymmetry and the gauge symmetry in the r-direction, 
respectively. The gauge-fixing choice and the torsion-free condition dE°- + A = 0, 
further determine the r-dependence of the spin connections, 

n%{x,r) = -E^ix.r) = --e"(x), 

n\{x,r)^u\{x). (27) 

In above equations, /x, a = 0, • • • , 3 are the Riemannian and local Lorentz indices on the 
boundary, respectively, and r is the Lorentz index in the radial direction. We use the lower 
case quantities to denote the boundary values of bulk fields, i.e., they are independent of 
the radial coordinate r. 

The linearized equation of motion for the gauge field near the boundary, 

= 0, (28) 
implies that at the leading order in r one can choose A^{x, r) to be independent of r, 

A^{x,r)=A^{x). (29) 



E-'d 
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Furthermore, the hnearized equation of motion for the gravitino is 

r^^^D^^P, + |r^^*],5,, ^ 0. (30) 

The reduced spin connection (27) and gauge field (29) as well as the gauge choices (25) and 
(26) lead to the boundary reduction of the bulk covariant derivative, 

D,{x)^V, + \uj;'^a, + \A,, (31) 
where the four-dimensional convention is defined as the following, 

7a = r„, = £;/r„ = ^7^, t^^e\t^^-^y, 75 = r^ = r^, 75 = 1- (32) 

The linearized gravitino equation reduces to 

{^r5^J - U,, - |-75e,,) il^i{x, r) - r''''D,ix)j,iPpi{x, r) = 0, (33) 

Diagonalizing the above equation by combining the two components of the symplcctic Ma- 
jorana spinor, \['^ = + i^^2, and making the chiral decomposition ^'^ = |(1 — 75)^^, 
= |(1 + 75)^'/^, one can see that near the boundary r — > 0, the equation for the right- 
handed component reads [41] 

{9r + ^) = (34) 
and hence the radial dependence of is 

*?=(7j (35) 

The left-handed component is not independent, and its radial coordinate dependent be- 
haviour turns out to be [41] 

K^{2lTf\i{x), 

= Iy - D^K) - ^S.''757'^ (^A< - D.^P^) . (36) 

Therefore, the M — 2 bulk supergravity multiplet {Ej^, ^!^j^,Am) reduces to the boundary 
field {e^, ipj^, A^j). It is actually the 8-1-8 off-shell multiplet of A/" = 1 conformal supergravity 
since the bulk supersymmetry transformation (24) reduces to the one for J\f — 1 conformal 

supergravity [41]. 

The boundary reduction of the bulk supersymmetric transformation to that for the con- 
formal supergravity is the following. First, as done for the bulk gravitino, one must redefine 
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the bulk supersymmetric transformation parameter, S{x,r) = Si{x,r) + iS2{x,r) and de- 
compose it as the chiral components. The radial coordinate dependence of should be 
the same as as the bulk gravitino, 

/o/X 1/2 

S^{x,r)=iy\ e^(a;), S''{x,r) = {2lrf\''{x). (37) 

At the leading order in r, the bulk supersymmetric transformations reduces to [41] 

1- 

■—'I 



~ 3i 

= i - X,.75e) , (38) 

where all the spinorial quantities, ipi^{x), Xni^) ^{^) vi^) Majorana spinors con- 
structed from their chiral components ip^{x), x'jli^)-! e^(a^) and r)^{x). Eq. (38) shows that 
the reduced bulk supersymmetric transformation is indeed the supersymmetric transforma- 
tion for A/" = 1 conformal supergravity with e and 7] playing the roles of parameters for 
supersymmetry and special supersymmetry transformations, respectively [27,28]. 



IV. HOLOGRAPHIC SUPER- WEYL ANOMALY OF SUPERSYMMETRY 

CURRENT 

The arising of the super- Weyl anomaly in A/" = 1 supersymmetric Yang-Mills theory from 
the M = 2 gauged AdS^ supergravity lies in two aspects. On one hand, as a supersymmetric 
field theory, the supersymmetric variation of the Lagrangian (23) of the gauged supergravity 
is a total derivative. These total derivative terms cannot be naively ignored due to the 
existence of the boundary AdSr^. On the other hand, near the AdSr^, boundary, the bulk 
supersymmetric transformation decomposes into the supersymmetry transformation and the 
super- Weyl transformation on the boundary. If we require supersymmetry on the boundary 
to be preserved, the total derivative terms should yield the super- Weyl anomaly of the 
supersymmetry current via the AdS/CFT correspondence given by Eq. (5). 

In the following, we shall calculate the supersymmetric variation of the gauged M — 2 
five-dimensional supergravity (23) and extract out the total derivative terms. Then we shall 
reduce it to the AdS^ boundary and give the holographic supersymmetry current anomaly. 
However, it should be emphasized that this surface term only yields the gauge field back- 
ground part of the super- Weyl anomaly. One must employ a holographic renormalization 
procedure to reveal the gravitational part, just as how the holographic Weyl anomaly was 
found in Rcf. [29]. 

First, the supersymmetric variation of the pure gravitational term and the cosmological 
term gives 

6\ c- /■ ,R ^ / l^M^N^ Aft 6' 



5SoK = 5 1 d^xE {-\n ^^)=sj d'xE - 1) 



/ 



d^'xE 



(39) 
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where is the inverse of EJ^^. 



The supersymmetry variation of the pure gauge field terms (including Chern-Simons 
term) yields 



d^xS 



^ 1 ~ 32" 1 -^^^-^ + 6v^ ^ MN-rpqA-R 

3/2 



5Sga = j 

= jd'x -^(5E^^^^^^ + 4^*^^Vm5^ 



C 



3/2 • 



6^6 

= / d^xiE 



d4 



8 
iC 

Te/' 



.MNPQR 



2 / — ^ \ 1 — i 

-Vm (^^ii^PQ^ ^ATij + -TmnJ^PQ^ '^Ri 



(40) 



As for the supersymmtric variations of the terms concerning the gravitino, we start from 
the kinetic terms of the gravitino, 



(55kt d^x 



-\eW^E^E^E^T^^^ {Vm^p. - \An6^,^'p 



Considering only the terms at most quadratic in the spinor quantities, we have 
1 



(41) 



KT 



VmT + Ia,5^^8, - (r^^ + 4S^r') Frs - ^f£,T 



X 



{ [(Vm^ )r^^^v^vi;p^ + ^;,r^^^v^Vp£j (D 
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a r 

+ 16 

il 3 



RS ■ 



16 4 



4 

i/3 



21 



We list the calculation results in the following: 

® = Vm (rr^^^VAT^p.) - r [Vm, r^^^]VAr*P. 

— -^^MNAB'^ i + i i j Wpi 



(2) = -^Vm (c^^MAT^.r^^^^p,.) + ^rr^^^*l,(5,,.F^p; 

(3) = ^Vm (^psrrp^^r^^^*^,) - l^^^rr^^^^ (v^^p), + ^^^^r (Vm^ 

(5) = I Vm (r r^r^^^^iv^p^) + f ^M^rr^^^^ (V^r^p), ; 

= —J-MRANOijt 1 

o 



TV 



MNPR^j . 



AT "T 



i , Vat 



(rp£^) + sW^Wn (r^^£^) 



|vm (rr^^n) - |5^^rr^^VM*]v; 



9i 
"4I' 



The supersymmetric variation of the gravitino mass term is 



_ 3i 
~ Tl 



j (fxe 



1 



Q '7 ' " 
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3i 



ii 



2i 
T 

9i 



3i 



(fxE 



21 



AT 



16 



/2 



Mi 



(44) 



Finally, the supersymmetric variation of the interaction terms between the gravitino 
and the graviphoton Am gives 



v„? + 2^„i"£t - -^r (r^ + 4ii#rs) j^Rs 



YMNPQ-q, 



Ni 



■MAT 



% 

21 



M 



Ni 



M 



+ ■■■} 

3i/ 



16 

i 

'21 



-^^P5 (rr^^r^^^'^vt^, - ^^r^^^«r/^£,) 
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(45) 



SS 



64 64 
Putting the above super symmetric variations (39) — (45) together, we get 

-||rr^^^^*^,^PQ + ^rr^^*i,5,, + I^E-^e^^^^^r^p^^^pg) 

In above calculation, we have made use of the following relations, 

-^^Tm.-mM = $irMi...M„^* = -$'rMi...M„^i, n = 0, 1, 4, 5, 
^'^rMi...M„$f = -^iTM^-M^"^' = ^'rMi...M„*i, n = 2, 3, 
r' ''" rr' r- 1 rMNP "'" f-i ^mnpqrt^ 

i- MN — M,i- n\, i ~ ~2l ^ Qfl' 

i — £/ e i P, i MNPQR — ^ ^MNPQR- 

^MN^pQ — E €mnpqr^^ — {GmpGnq — GmqGnp) , 
^M^NP — Tmatp + Gmn^p — Gmp^n, 

r^^^v^Vpxi/, = ^r^^^[v^, Vp]¥ = l^*^^^7^^p^B^■^^xI/,. (47) 

Z o 

Due to the nocommutativity between Vm and rMi-M„, we reiteratively use the following 
operations, 

rMi-M„VM(- • •) = [rMi-M„, Vm] (•••) + Vm [rMi-M„(- • •)] ■ (48) 

It is convenient to choose the inertial coordinate system, i.e. the Christoffel symbol = 0. 
Consequently, the metricity condition leads to 

dME/ = 0, (49) 
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and hence the modified spin connection, 

^MAB = 2^-4 {QmEnB — QnEmb) — B {^mEnA — QnEma) 
1 1 

--E^E^ {dpEg, - dqEpc) E^^ + - {^mTa'^b + ^aFm^b - ^mFb^a) , (50) 

keeps only the quadratic fermionic terms. We have also considered the Ricci and Bianchi 
identities for the Riemannian curvature tensor and the Abelian gauge field 

6^^^^^7^5PQi? = 0, e^^^'^^V^rTe^TPQ = 0, e^^^^^V^^g^ = 0. (51) 
If we choose the indefinite Chern-Simons coefficient in Eq. (46) as 

C ^ (52) 

the above supersymmetric variation oiJ\f — 2 gauged supergravity action in five dimensions 
is a total derivative, 



SS ^ d^x drd 



'M 



(53) 



which is the typical feature of a supersymmetric field theory. 

Now wc can extract out the holographic super- Weyl anomaly from above total derivative 
terms as Witten [3] did in finding out the chiral i?-symmetry anomaly. Considering the 
r-dependence of bulk fields and of the supersymmetry transformation parameter given in 
(25), (26), (27), (29), (32), (35), (36) and (37), and taking the boundary limit e ^ after we 
integrate over the radial coordinate to the near boundary cut-off r = e, one can see that the 
non- vanishing contribution comes only from the term of the form E'^e^^^^^E'Tn^ NiJ^pQ- 
Thus we obtain 

3?7'^ r 

^S = ^J d^xe^^^'^F^xnipX,.- (54) 

In deriving Eq. (54) we have used the fact that the metric on the boundary should be the 
induced metric 

g^,u{x,r) ^ —g^^,{x,r) (55) 

rather than gn^(x,r) [30]. Eq. (54) will lead to the super- Weyl anomaly in terms of the 
AdS/CFT correspondence since it is proportional to the special supersymmetry transforma- 
tion parameter r}. Considering Eq. (36), we have 

SS^ J d'^xrJ-f^Si, 

j d'^xe^^'-^'^F^yrj-f.-fpr [3 (^M^a - D^x/j^) - -e^a.sl^D^'^s 



32 

/3 



(56) 
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where we have used the 7-matrix algebraic relations, 



757' 



(57) 



If we switch on the overall gravitational constant factor — l/(87rG*^^)) on the classical La- 
grangian (23), and consider the following relations among the AdS^ radius I, string coupling 
Qg, the number N of the DS-branes, the five- and ten-dimensional gravitational constants 
connected by the compactification on 5*^ of radius /, 



(^(10) 



cm 



Volume (,55) IV 
Eq. (54) yields the gauge field part of the holographic super- Weyl anomaly, 
1 



(58) 



7/.s^ 



871^(5) 16 

Ar2 



647r2 



(59) 



This is the super- Weyl anomaly of supersymmetry current contributed from the external 
gauge field background at the leading order of large- A?" expansion of jV = 1 SU (N) super- 
symmetric gauge theory. 



V. SUMMARY AND DISCUSSION 

We have investigated the super- Weyl anomaly of A/" = 1 supersymmetric Yang-Mills 
theory in the external J\f = 1 conformal supergravity background via the AdS/CFT corre- 
spondence. With the speculation that at low-energy the type IIB supergravity in AdS^ x 
background should reduce to the gauged supergravity in five dimensions since such a back- 
ground provides a spontaneous compactification on X^, there should exists a holographic 
correspondence between M = 2 conformal supergravity in five dimensions and M = 1 super- 
symmetric Yang- Mills theory at the fixed point of its renormalization group fiow. The five- 
dimensional H — 2 gauged supergravity has an AdS^ classical solution which preserves the 
full supersymmetry. Around this AdS^ vacuum configuration, the five-dimensional H — 2 
on-shell gauged supergravity multiplet reduces to the M = 1 off-shell conformal supergravity 
mutiplet on the boundary of AdS^ space. Correspondingly, the bulk M = 2 supersymmetry 
transformation converts into the A/" = 1 super conformal transformation in four dimensions, 
which consists of the supersymmetry transformation for A/" = 1 Poincare supergravity and 
super- Weyl transformation. With these facts in mind, we calculate the supersymmetry vari- 
ation of the M = 2 gauged supergravity in five dimensions and obtain the total derivative 
terms. Further, we reduce the total derivative terms to the boundary of AdS^ space using 
the boundary reduction of the bulk fields. Considering the incompatibility of the M = 1 
Poincare supersymmetry and the super- Weyl symmetry, we extract out the super- Weyl 
anomaly of A/" = 1 supersymmetric gauge theory. 

However, as shown in Eq. (59), we only reveal the contribution from the external gauged 
field when J\f — 1 supersymmetric gauge theory couples to J\f — 1 conformal supergravity 
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background. As shown in Rcf. [43], there usually should also has a contribution relevant to 
the external gravitational background, 



The reason for not having revealed the contribution of the gravitational background field is 
not yet fully clear. However, since the super- Weyl anomaly shares a supermultiplet with the 
Wcyl anomaly and the chiral R-symmetry anomaly, we have the following two speculations 
based on the process of deriving the gravitational background parts in both the holographic 
Weyl and chiral anomalies [35,36]. 

First, it is possible that this term cannot be revealed within the five-dimensional Af — 2 
gauged supergravity itself, and one must consider the supersymmetric action consisting of 
higher-order gravitational terms such as the Gauss-Bonnet term. As given in Ref. [26], for a 
general A/" = 1 supersymmetric gauge theory with A^^, vector and A^^ chiral multiplets in an 
external supergravity background, the chiral R-symmetry anomaly and the Weyl anomaly 
take the forms, 

V 7(5)/^ = ^~^ R X Rf^^P + 5a -3c ~ 

The cocfhcicnts are purely determined by the field contents. For a supersymmetric theory 
in the weak coupling limit, they are [26] 

c^^mv + N^), a=^{9N, + N^). (62) 

In the pioneering work by Witten [3], the chiral i?-symmetry anomaly oiJ\f — A SU{N) SYM 
in the large- A^ limit is perfectly reproduced from the Chern-Simons (CS) term in J\f — 8 
five-dimensional S0{6) gauged supergravity. The reason is that the field contents of A/" = 4 
SYM can be considered as one A/" = 1 vector multiplet plus three chiral multiplets in the 
adjoint representation of SU{N), and this leads to c = a = 1/4 [36]. Thus there is no 
anomalous term relevant to the gravitational background field in the chiral anomaly and the 
CS term is fully responsible for the holographic origin of the chiral R-symmetry anomaly. 
This also explains the absence of the R^vXpR^^^'' term in the holographic Weyl anomaly of 
A/" = 4 SYM found in Ref. [29]. For the A/" = 1,2 supersymmetric gauge theories, Eq. (62) 
shows that in general a 7^ c. Thus the terms relevant to gravitational background in the 
superconformal anomaly should arise from the supergravity side. In Ref. [35] , it was shown 
that for the M — 2 supersymmetric U Sp{2N) gauge theory coupled to two hypermultiplets in 
the fundamental and antisymmetric tensor representations of the gauge group, respectively, 
the gravitational background part in the holographic chiral anomaly does originate from a 
mixed CS term. However, this CS terms is obtained from the compactification on of the 
Wess-Zumino term describing the interaction of the R-R 4-form field with eight DT-hranes 
and one orientifold 7-plane system. Specifically, this gravitational background term is at the 
subleading A^ order rather than the leading A^^ order in the large- A^ expansion of A/" = 2 
supersymmetric USp{2N) gauge theory. Due to the supersymmetry, there should also arise 
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the A^-order part containing the R^„\pR^'^^'^ term in the holographic Weyl anomaly. This 
fact was explicitly shown in Ref. [36]. The authors first performed T-duality and realized 
that the above mixed CS term originates from Green-Schwarz couplings in the heterotic or 
type I supergravity. Further, they considered the higher-order gravitational terms required 
by the supersymmetry in the low-energy effective action of one-loop heterotic or type / 
string theory [44] and then performed the heterotic-type J-type /' T-duality to extract the 
desired gravitational term in the AdS^ supergravity. Finally, the holographic Weyl anomaly 
containing the square of the Riemannian tensor was found along the line of Ref. [29] . These 
two cases imply that we should consider the full supersymmetric action consisting of the 
higher-order gravitational terms and its supersymmetric variation in the AdS^ background 
will most probably lead to the term (60) in the holographic super- Weyl anomaly. However, 
the brane configuration for the A/" = 1 U{N) gauge theory is quite complicated, being a 
Di — D6 — NS5 — NS5' system [45]. It is not straightforward to write down the mixed 
CS term from the corresponding Wess-Zumino term and to extract the exphcit form of the 
supersymmetric action containing the higher-order gravitational terms. We hope to make a 
complete investigation along the line similar to the one adopted in Refs. [35,36]. 

The other possible reason for the failure of getting the gravitational background con- 
tribution is that in Eqs.(25), (29), (35) and (36) we consider only the leading order of 
r-dependence of the bulk fields near the AdS^ boundary. This argument is inspired by the 
process of deriving the holographic Weyl anomaly. It was shown in Ref. [29] that if one 
makes a complete near-boundary analysis and considers the asymptotic expansion beyond 
the leading order up to logarithmic term [29,30], i.e.. 



^(x, r) = [/(o)(a;) + /(2)(a;)r + • • • (/(2„)(a;) + /(2„)(a;) In^ 



r + ■■■)+■■■], (63) 



the higher-order gravitational terms can arise in the on-shell action [29], and they lead to 
the holographic Weyl anomaly composed of the R^^^R^^ and R^ terms. Therefore, it is also 
possible that the gravitational background field part in the super- Weyl anomaly can arise as 
the holographic Weyl anomaly does [29] if one takes into account the logarithmic terms in 
above expansion. Of course, in this case the on-shell gauged five-dimensional supergravity 
action has the infrared divergence near the AdS^ boundary due to its infinite boundary. 
One must perform a holographic renormalization procedure to make it well defined [30]. 
However, although we do not exclude that this is a possible source, it seems that the first 
reasoning is a more convincing one. 

We are not aware whether there exist any physical reasons for the difference between 
these two holographic contributions to the superconformal anomaly. Since the essence of 
the holographic anomaly is the anomaly infiow from the bulk theory [46],^ this is the reason 
why one can extract out the anomaly from a higher- dimensional bulk theory. Thus it might 
be relevant to the difference between the anomaly inflows contributed by the gravitational 
and gauge field backgrounds. 

Finally, it is worth to emphasize another way of calculating the holographic Weyl anomaly 
proposed in Ref. [31]. This approach is independent of the concrete form of the classical 



We thank A. Kobakhidze for discussion on this point. 
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bulk gravitational action, and depends purely on a special bulk diffeomorphism (called the 
" PBH " transformation [47]), which keeps the form of the Fefferman-Graham metric [32] 
of an arbitrary d + 1-dimensional manifold with the boundary topologically isomorphic to 
invariant and reduces to a Weyl transformation on the boundary. With a choice on the 
holomorphic dimensional regularization, there emerges no logarithmic function of the radial 
coordinate in the near-boundary asymptotic expansion. Further, the invariance of a general 
bulk gravitational action, which admits an AdSd+i classical solution, under this particular 
diffeomorphism yields a Wess-Zumino-like consistency condition satisfied by the generating 
functional for the Weyl anomaly on the boundary (d being an even integer). Hence the holo- 
grpahic Weyl anomaly can be extracted out and no holographic renormalization procedure 
is necessary [31]. The advantage of this approach is that one can avoid the complicated 
near-boundary analysis and the subsequent holographic renormalization procedure. One 
may consider to use this approach to calculate the super- Weyl anomaly of a supersymmetry 
current. However, there is one crucial obstacle to overcome. That is, one needs to find 
a supersymmetric generalization of above special bulk diffeomorphism, which should keep 
both the supersymmetry in the bulk and on the boundary. In such an approach, one must 
employ the holographic dimensional regularization to prevent the logarithmic dependence 
from emerging in the near-boundary asymptotic expansion. However, the dimensional reg- 
ularization in general does not preserve the supersymmetry. This fact has cast a shadow 
on the application of the above approach to the evaluation of the holographic supercurrent 
anomaly. 
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